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Abstract

A recent theory has been developed (Heinz 2018, 2019) for three canonical turbulent wall flows: channel flow, pipe
flow and zero-pressure gradient boundary layer, that offers exact analytical formulas for the RANS eddy-viscosity.
By calculating the eddy-viscosity turbulent diffusion term for these flows where the turbulence is stationary, one
identifies a high-Reynolds number RANS eddy-viscosity equation with one production and two dissipation terms.
One dissipation term is universal and peaks in the near-wall region. The second one, smaller in magnitude, is flow-
dependent and peaks in the wake region. The production term is flow-dependent and peaks in between. The universal
dissipation term implies a damping function and a length scale analogous to the von Karman length scale used in
the Scale-Adaptative Simulation models. This length scale also appears in the production term. This confirms on
firm theoretical bases the relevance of von Karman length scales. This is an occasion to analyze these length scales
in more details. An asymptotic analysis of the eddy-viscosity budget in the limit of infinite Reynolds numbers is also
proposed. This allows a review and tests of existing RANS models that imply an eddy-viscosity equation. Finally,
we propose a new version of the eddy-viscosity equation of the Scale-Adaptative Simulation models.

1 Introduction

To be written !..

2 Flow cases and state of the art

2.1 Turbulent wall flows

A part of the text below, especially of the first sentences, will probably move to the introduction...

Wall-bounded turbulent flows are ubiquitous in human-made fluid systems, and are also encountered in the nature:
the atmospheric boundary layer for instance is the place where we live and where we like to set up buildings, wind
turbines, etc. In the infinite family of these flows, one may distinguish three canonical cases: channel flow, pipe flow
and the zero-pressure gradient turbulent boundary layer, or ‘boundary layer’; for the sake of concision. These flows,
denoted here ‘turbulent wall flows’, are somewhat simpler, because the geometry of the fluid domain is simple and
highly symmetric, but they still present a good richness of behaviour. We will build an exact eddy-viscosity equation
for these three cases, and discuss the possible consequences on other classical models. Before presenting those, let us
fix the hypotheses and notations. We consider an incompressible fluid of mass density p and kinematic viscosity v.
In wall-bounded turbulent flows in general, locally a cartesian system of coordinates Ozyz is used, such that = points
in the streamwise direction, and y measures the distance to the closest wall. To lowest order, the mean flow

U = Ulyt) es (1)
where e, is the unit vector in the z-direction, ¢ time. A relevant quantity is the mean strain rate
S = 0U/oy, (2)

which may be evaluated in more general three-dimensional flows from the full strain-rate tensor, see e.g. the equa-
tion (20) of Menter (1997). Focusing now onto the canonical turbulent wall flows, the length scale § is the half-channel
height, pipe radius, or 99% boundary layer thickness with respect to channel flow, pipe flow, and boundary layer,
respectively. Denoting u,e, + uye, + u.e, the fluctuating velocity, the RANS eddy viscosity

v = = (uguy) /S 3)

where the angular brackets denote the Reynolds average. The mean wall shear stress 7, is used to define the friction
velocity u,; = /7w /p. From this are defined wall or inner units, i.e. y™ = u,y/v, UT = U/u, and

St = aUut /oyt . (4)

Finally, the friction-velocity Reynolds number Re, = §T = wu,d/v.

2.2 RANS models with an eddy-viscosity equation

To be written, by citing at least Nee & Kovasznay (1969); Baldwin & Barth (1990); Spalart & Allmaras (1994); Menter
(1997); Yoshizawa et al. (2012) ...
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2.3 The Scale - Adaptive Simulation models
To be written, by citing at least Menter & Egorov (2006, 2010); Egorov et al. (2010); Abdol-Hamid (2015) /..
Following Menter & Egorov (2010), introduce in particular their turbulent length-scale
& = 0;1/4 k_l/z Vg (5)
the von Karman length-scale
S
e = |5 .
K = 5570, (6)
with k the von Karman constant, and their eddy-viscosity equation
th 1 3 th
— = ——(n— Py — D, 7
ot oy Oy (Vt ay) t fum M (7)
with
U252
PI/M = Cl tk 5 (83)
2 g2
o Vt S gt 2 1/4
D,y = C2 L (E'UK) + Cp, C3 k ) (Sb)
(UMa Cla <27 <3) = (2/3ﬂ 087 1477 00288) . (80)
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Fig. 1 : (a) Continuous line: Si, , dashed line: 1/(xy™). (b) Continuous line: 1/S5, — 1, dashed line: xy™.

2.4 Analytic eddy viscosity model of turbulent wall flows

Heinz (2018, 2019) proposed analytic models for the mean flow U, main Reynolds stress — (u,u,) and eddy viscosity
vy of the turbulent wall flows defined in section 2.1. In the equation (11) of Heinz (2019), an analytic expression is
proposed for the reduced eddy viscosity, which is valid at high Reynolds number, Re, = 500,

vt = v = (1/S§H-1) W . (9)

There S, = Si" + S5 is a very good approximation of the dimensionless mean strain rate S* (4) in the inner region
of the flows, i.e., disregarding wake effects, see the equation (7) of Heinz (2018) and the corresponding discussion.
Precisely, the universal function

Sfy = Shy") =1 - (10)

e 1T L Lthe/( eyt /)
L+ (y*/a)b/e ryt 1+uy/(yTH)

with
a=9, b=3.04, c=14, H = Hy") = (1+ hl/y+)*h2 , h1 =12.36, hy =647, yx = 75.8 | (11)

and the von Karman constant
k = 040 . (12)

The function SE , plotted on the figure 1a, approaches naturally 1 as y* — 0 in the viscous sublayer. On the contrary,
as yt — oo, S1h ~ 1/(ky™), in agreement with the log law. Therefore the function 1/Sj;, — 1, plotted on the figure 1b,
which appears in the eddy viscosity (9), vanishes in the limit y™ — 0, and then increases smoothly to approach the
function kyT as yT — oo.

The second ingredient of the theory is the function W, which is flow-dependent and in outer scaling, because it
describes wake effects. With the notations of Heinz (2018, 2019), W = 1/G¢p for channel and pipe flows, Mg, /Gpy,
for boundary layers, where Gop and Gpgr, characterize the wake contribution S?J,r to the dimensionless mean strain
rate ST (see the equations 7 and A.22 of Heinz 2018), Mp, characterizes the total stress in boundary layers (see the
equation 4 of Heinz 2019). For channel and pipe flows

Kxy+ (1 —y)%0.6y> + 1.1y + 1)

W =W ] ith W = 13
(w/6) with  Wx(y) RS i E sl (13
X =C, K¢ =0.933 for channel, X = P, Kp = 0.687 for pipe; for boundary layers
1+ 0.285 y(0.94y+1.09y?)
W = Wer(y/6) with Wei(y) = —— o2 Y€ 0157y (14)

14+ (0.94 2y + 3.27y%)y

The wake function W is plotted for these three flows on the figure 2a. In the near-wall region, when y/§ — 0, W — 1,
hence the eddy viscosity (9), v = (1/S5(y") — 1) W(y*/6t) ~ (1/S{5(y*) — 1) where §* = Re, . Therefore the
log-layer eddy viscosity ky™T is approximately recovered if 1 < y* < §; for a more precise study, see the section 4.1
of Heinz (2019). When y becomes of the order of 4, wake effects come in, that saturate the growth of the eddy
viscosity (9), since W decreases. Whereas the maximum value of y is § in channel and pipe flows (in channel flow if
y € [4,20] the mean fields can be obtained by suitable symmetries from the mean fields for y € [0, d]), it may be much
larger in boundary layers. Naturally, Wgz, — 0 as y — oo; precisely Wz, < 1072 as soon as y > 1.360.
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Fig. 2 : (a) W (b) W’ (¢) W” for channel (blue), pipe (green), boundary layer (red).

The theory of Heinz (2018, 2019) has been validated by a thorough study of DNS data, including those of Lee & Moser
(2015); Chin et al. (2014); Sillero et al. (2013), and experimental data, for instance those of Vallikivi et al. (2015). For
instance, the figures S.6abc of the supplementary material to Heinz (2019) show the eddy viscosity of various DNS,
one for each canonical flow, compared with two variants of the eddy-viscosity model (9). In particular, the magenta
curves show xyt W with our notations, i.e. (1/S], — 1) in (9) has been replaced by xky*. The agreement with the
DNS is good, except in the outer region, where in (3) both the numerator (u,u,) and the denominator dU/dy tend
to zero, hence the DNS noise is amplified.

Since the derivatives W’ and W’ will be needed hereafer, they are plotted on the figures 2bc. Whereas the functions
W for the three flow cases are quite similar (figure 2a), their first and second derivatives show larger differences

(figures 2bc). Naturally, W, and W7, — 0 as y — oo.

3 Analysis: exact eddy-viscosity equation

3.1 Generalities

Since the focus of our study is on high-Reynolds numbers wall-bounded flows, we assume that the form of the eddy-
viscosity equation is

v _ 0,
r 3y(l/t8y> + B =D (15)

with y the wall distance, P, > 0 the production, D, > 0 the dissipation term. The dimensionless coefficient o, of
order 1, which is a kind of Prandtl number, plays no role in the canonical turbulent wall flows, where the mean fields
are steady, but is kept in (15) for the sake of comparison with other turbulence models. In turbulent wall flows,
according to (15), the opposite of the turbulent diffusion term

(9 th

T, = 7874(%873;) =P, - D,. (16)

A formal computation of T, starting from (9) leads to D, = D,; + D,, and

2
1
D, = &k? ! —, 17a
L2, f? (17a)
v? 1 AW’ vy 1
P, = t - = — (—4W’ 17b
””LuK51_51+2( W) " Tox b 55 (17b)
V2 W/2+Ww// 1/2
Dy = 55— = 55 (1/Sh =17 (W2 4+ WW"). (17¢)

The indices ¢ and o refer to ‘inner’ and ‘outer’ terms, respectively, and the notation D,, is slightly improper since
this term is slightly negative in the near-wall region. However, D,, is much smaller in this region than in the outer
region where it peaks, as it will be shown in the figure 6b for channel flow, 7b for pipe flow, 8b for boundary layers.
Moreover D,, = D,; + D,, > 0 everywhere, as it will be shown in the figures 6cd for channel flow, 7cd for pipe
flow, 8cd for boundary layers, hence the notation D,, is fully justified.
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Fig. 4 : (a,b) The damping function f. (c) The function W'+ WW" for channel (blue), pipe (green), boundary layer (red).

In addition to the functions 5’1+2 and W defined in the section 2.4, there appears in the equations (17) other functions
that are built on these. The first one is the asymptotic von Karman length scale

512

" S
Lok = K | =
K " 6512 /8y

S P - 18
081,/ 0y+ (18)

‘ or

LvK -

which is defined as the von Karman length scale £,k (6), but replacing S by Sia , i.e., disregarding ‘wake effects’.
The fact that the length scale L,k appears in (17a) and (17b) confirms on very firm bases the relevance of this length
scale, which was not so clear in the works of Rotta. Only the inner-units L;}"K(yﬂ is universal, whereas the physical
Ly (y/5) has to be calculated as (L]} /0%), i.e. L,k /d depends on 6+ = Re, . Since, as y* — oo, in agreement with
the log law, St ~ 1/(ky*), Lt ~ ky™, as confirmed by the figure 3a. The functions £, (y*) (figure 3a) or £,k (y/0)
(figure 3b), that depend on the flow case and Reynolds-number, have been computed using the accurate expressions
of ST of the equation (7) of Heinz (2018). In channel or pipe flow, U presents a maximum at the centerplane or pipe
axis y = 9, hence S and £,k vanish there. On the contrary, in boundary layer flow, S and ¢,k vanish only in the
limit y — oo. The figure 3c suggests that, because the dimensional factor in D,; (17a), P, (first expression in 17b)
and D,, (first expression in 17c) are respectively v2/L2, , v?/(Ly,xd) and v2 /62, in the ratii 6%/L?, , 6/Lyk , 1,
those will peak in the inner, intermediate and outer regions; this will be confirmed in the figures 6 for channel flow,
7 for pipe flow, 8 for boundary layers.

Another ingredient in D,; (17a), is the universal damping function

1) Sy d*Sfy/dy**
(dSy/dy*)?

+y (812 — Y2
(1-55%) ( +3-25%) . (19)
It is plotted on the figures 4ab. It does tend to zero as y™ — 0 and 1 as y+ — oo.
Finally, in P, (17b) and D,, (17¢) the rightmost functions depend only on W and its derivatives. In P, there appears
—4W’ which is positive according to the figure 2b, hence P, > 0 as required. In D, there appears W2 + WW"
which is plotted on the figure 4c. As already suggested at the level of (16,17), the function W2 + WW" > 0 except
in a more or less narrow near-wall region, depending on the flow case.
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3.2 Application to channel flows

In typical channel flow cases, a comparison of the opposite of the dimensionless turbulent diffusion term

0 ovt
7t - _ _Z (T
T e (u ay+) (20)

computed with finite differences from two DNS of Lee & Moser (2015) and its model (16,17),

-Tf = Pf - Df = — D, + PF — DJ, (21)

v

is shown on the figures 5. Except in the outer region, where the DNS noise is amplified, there is a good agreement
between the model and the DNS, especially, for the highest Reynolds number case.
The separation of —T.} into the three terms of the model, fD,j'i , P and —D}, | is illustrated on the figures 6. The
comparison of the figures 6a, ¢ and g shows that the dissipation term Dji dominates in the near-wall region. In this
region, and in inner scalings, D (yT), D} (y*) and T;} (y*) approach as Re, — oo a limit profile, with a maximum
around ¥y = 31 and a minimum around y* = 72. A plateau around y* ~ 300 and

T~ Dt ~ 7t ~ 2
D} ~ Df ~ T/ ~ &«

builds up as Re, — oo, in agreement with the formula for the log-layer reduced eddy viscosity, v+ = ky™. For
larger values of y/d, after this plateau, the figures 6bdfh show that all terms, considered in inner-outer scalings,
D}.(y/d), Di (y/8), Df(y/d), PS(y/S) and T, (y/§), approach limit profiles as Re, — oc.

3.3 Application to pipe flows

In the eddy-viscosity model (9), the only difference between channel and pipe flows is described by the change of the
coefficient Kx in the function Wx (13) that contains the wake effects. This change from Ko = 0.933 to Kp = 0.687
is moderate, therefore the turbulent diffusion term and its contributions are close to the ones of channel flow, as shows
the comparison between the figures 6 and figures 7. All the comments made on the figures 6 at the end of section 3.2
also apply to the figures 7.

3.4 Application to boundary layers

The boundary layer case differs from the channel and pipe flow cases in that the maximum value of y (resp. y™) is
not § (resp. 67 = Re,) but, in principle, infinity. Moreover, the wake function W of boundary layers (14) differs
significantly from the one of channel and pipe flows (13). The comparison of the figures 8 with the figures 6 and 7
shows similar behaviours in the ranges y € [0,d[ i.e. y™ € [0,07[, whereas there are differences in the outer region.
At y = 6, i.e. the centerplane in channels or the pipe axis in pipes, the function T, should present a vanishing slope
for symmetry reasons, as confirmed by the figures 6h and 7h; note that the outer term — D} plays an important role
there. In boundary layers, one does not expect a similar property, but that 7, should approach 0 as y — oo. This
is what suggests the figure 8h, and what would confirm a figure drawn with a larger interval of the abscissas (not
shown): for all the Reynolds numbers implied, that range from 543 to 30000, |T,| < 1073 as soon as y > 1.324.
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vi )

the vertical lines are at 5y = 31, 72 and 400, the horizontal lines are at —7}” = 0 and —x>.

3.5 Asymptotic structure of the near-wall dissipation

The figures 6acg, 7acg and 8acg show that, as Re, — oo, the dissipation dominates the eddy-viscosity budget in

the near-wall region, the near-wall dissipation scales with y*, and it approaches a universal asymptotic profile. This

profile is obtained by replacing, in the expression (9) of the eddy-viscosity, which appears at the power 2 in D,; (17a),

the wake function W by 1, since then the wake region goes to infinity in inner scaling. This yields, as a relevant

approximation of D,; , the asymptotic dissipation function

2 v (1/51'_2_1)2 or DVt — k2 (1/5?2_1)2 i (22)
ZPNE Lz

Dyiw = kK

It is universal in that it does not depend on the flow case, but only on S, , see the equations (10), (18) and (19).
Moreover D}, considered as a function of y* also does not depend on Re, . As y* — oo, since 1/S]5 — 1 and L,

+., — K2, in agreement with the expression of the log-layer eddy viscosity.
This is visible on the figures 9ace; more precisely, | D}, — k2| < 1072 as soon as y* > 400. The colored curves in
figures 9ace confirm that, at fixed y*, D,; , D, and T, approach, as Re, — oo, D,;, , whatever the flow case. We
have not plotted the curves for Re, = 800000 on figures 9bdf, since they are indistinguishable, in outer scaling, from

the curves for Re, = 80000. From a physical point of view, these results suggest that near-wall dissipation is due to

approach xyT, whereas f — 1, one has D

universal near-wall motions.
The differences between T,, and —D,;, in the outer region, visible on the figure 9f, are due to the contribution of the
production P, and outer dissipation —D,, , which are now studied in the limit Re, — oo.
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Fig. 10 : For channel flow (a,d), pipe flow (b,e), boundary layer (c,f). The black curves show Pl , see (24), the magenta
curves P, for Re, = 5186 in (a,b,c). The black curves show —Djl,, , see (26), the magenta curves —Dj, for Re, = 5186 in
(d,e,f). The vertical lines are at y/d = 0.33 (a), 0.3 (b), 0.32 (c), 0.56 (d), 0.52 (e), 0.5 (f).

3.6 Asymptotic structure of the production

The figures 6ef, 7ef and 8ef show that, as Re. — oo, the production of the eddy viscosity vanishes in the near-wall
region, scales with y/d, and approaches asymptotic profiles that depend only on the flow case. These profiles are
obtained by replacing, in the second expression of P, (17b), transformed in inner units,

+

v

Pl =k gy (H4AW), (23)
Sty Lyjg 0%

the eddy viscosity v, the strain rate SE and the von Karman length-scale L;"K by their approximations valid as

yt — oo, ie. wyt W, 1/ky* and ky* respectively, see the discussions after equations (9-12) for v+ and Sj, ,

equation (18) for LjK . This yields the asymptotic profiles

Pf = &2 % (—AWW') or P, = k*u? % (—4WW’) . (24)
The first equation shows that P is, for a fixed flow case, a function of y/d only, because the wake function W
depends only on y/d, see equations (13) and (14). The figures 10abc confirm that, at fixed y/d, P,/ approaches P,f, as
Re; — 0o. For Re; = 80000, the profiles of P, for the three flow cases are indistinguishable from the corresponding
functions P, at the scale of the figures 10abc. From a physical point of view, these results suggest that production
is due to large-scale outer motions. The comparison between the vertical scales of the figures 10abc also suggest that
these motions contribute more efficiently to the production of v; in the boundary layer than in the other flows. This
might be related to the fact that the boundary layer is in principle unbounded in the wall-normal direction, contrarily
to channel and pipe flows.

3.7 Asymptotic structure of the outer dissipation

The figures 6ab, 7ab and 8ab show that, as Re; — oo, the outer dissipation of the eddy viscosity vanishes in the
near-wall region, scales with y/d, and approaches asymptotic profiles that depend only on the flow case. These profiles
are obtained by starting from the second expression of D,, (17¢), transformed in inner units,

1

Df, = = (1/Sh— 1 (W2 +WW"), (25)
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and applying one of the approximations that led from (23) to (24), i.e. replacing 1/Sj; — 1 by kyT. This yields the
asymptotic profiles
Y Y

2 2
Df., = & (S) (W2 4+WW") or Dypu = K> u2 (5) (W2 +Ww”). (26)

Similar to P} (24), D}, is, for a fixed flow case, a function of y/§ only. The figures 10def confirm that, at fixed y/4,

rvoa

D approaches D;, as Re; — oo. For Re; = 80000, the profiles of D}, for the three flow cases are indistinguishable

rvoa
from the corresponding functions P, at the scale of the figures 10def. From a physical point of view, this contribution

to the dissipation is probably due to large-scale outer motions.

3.8 QR6 on the BL case inspired from Spalart & Allmaras (1994)

e Q6 (Emmanuel, May 22) : Spalart & Allmaras (1994) study in their section I1.3 Near-wall region, high Re
number the ZPGTBL case. In their figure 6 they show the ‘budget of v;’, and they claim that

‘The sum (i.e. Dvy/Dt) is positive throughout’.
Indeed if one states that the general 14 eq. has on its lhs

Duv, _ oy . Ui% - U% . Val/t

T T ar Vo, (27)

this may be positive throughout the BL because of the advection - the expansion of the BL or, as they write it
on P12, because of the ‘advance of the turbulent front’...

Does this mean that in the BL case the lhs of our ;4 eq (15) is not 0 but a positive function of y,
that we might deduce, for instance, from the DNS of Sillero et al. (2013) ?

The bad news then would be that the ‘Prandtl number’ ¢ would not scale out !..

What do you think ?

e R6 (Stefan, May 28) : We calculate v; from stationary Reynolds shear stress and shear rate. My understanding
of Fig. 6 is that this is a consequence of model parameter settings: production, dissipation, ... are crudely
represented in the Spalart model, see e.g. Pope last page before Chapter 11.

e R6 (Emmanuel, June 2) : In BL advection may come into play, i.e. the lhs of the 14 equation, given by (27),
could be nonzero though the mean fields are stationary.

Should we study this, for instance, on the DNS of Sillero et al. (2013) ?

Or, could we ‘prove’, by estimating order of magnitudes, that Dv;/Dt is in principle ‘small’ ?

e R6 (Stefan, June 4) : you want to submit in July, just forget about it! I don’t think it’s worth the
time.
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Archives: links to important previous versions

e V0.055 of May 19, 2020: memory of the section 4.1 Comparison with Hamba (2013), of figure 9 for
P, and P,y , of QR5 regarding this comparison.

e V0.025 of May 7, 2020: memory of figure 5 for W’//W and (W"2+WW")/W?2, QR3 regarding comparisons
with DNS of pipe flow, QR4 regarding comparisons with DNS of BL, figure 10 for —7.f et al. in BL with an
extended range of y*.

e V0.015 of April 29, 2020: memory of QR1 regarding near-wall effects / the kinematic viscosity & QR2
regarding pipe flow / curvature effects.


http://downloads.hindawi.com/journals/ijae/2015/987682.pdf
http://emmanuelplaut.perso.univ-lorraine.fr/turbu/PlautHeinz20v0055.pdf
http://emmanuelplaut.perso.univ-lorraine.fr/turbu/PlautHeinz20v0055.pdf
http://emmanuelplaut.perso.univ-lorraine.fr/turbu/PlautHeinz20v0025.pdf
http://emmanuelplaut.perso.univ-lorraine.fr/turbu/PlautHeinz20v0025.pdf
http://emmanuelplaut.perso.univ-lorraine.fr/turbu/PlautHeinz20v0025.pdf
http://emmanuelplaut.perso.univ-lorraine.fr/turbu/PlautHeinz20v0015.pdf
http://emmanuelplaut.perso.univ-lorraine.fr/turbu/PlautHeinz20v0015.pdf

	Please check the What's new section at the end of this table !
	Abstract
	Introduction
	Flow cases and state of the art
	Turbulent wall flows
	RANS models with an eddy-viscosity equation
	The Scale - Adaptive Simulation models
	Analytic eddy viscosity model of turbulent wall flows

	Analysis: exact eddy-viscosity equation
	Generalities
	Application to channel flows
	Application to pipe flows
	Application to boundary layers
	Asymptotic structure of the near-wall dissipation
	Asymptotic structure of the production
	Asymptotic structure of the outer dissipation
	QR6 on the BL case inspired from SpalartAllmaras1994

	References
	Please check the Archives section at the end of this document !

